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Abstract: We discuss and provide nontrivial evidence for a large class of dual-
ities in three-dimensional field theories with different gauge groups. We match the
full partition functions of the dual phases for any value of the couplings to underpin
our proposals. We focus on two classes of models. The first class, motivated by the
AdS/CFT conjecture, consists of necklace U(N) quiver gauge theories with non chiral
matter fields. We also consider orientifold projections and establish dualities among
necklace quivers with alternating orthogonal and symplectic groups. The second class
consists of theories with tensor matter fields with free theory duals. In most of these
cases the R-symmetry mixes with IR accidental symmetries and we develop the pre-
scription to include their contribution into the partition function and the extremization
problem accordingly.
Contents
1 Introduction 2
2 The partition function on a squashed three sphere 3
2.1 Hyperbolic functions 4
3 Families of quiver gauge theories and M2 branes 5
3.1 Unitary groups 6
3.1.1 Duality 7
3.2 Orthogonal and symplectic groups: the orientifold 8
3.2.1 Duality 10
4 Exact results for the dualities 11
4.1 Duality in U(N)k non-chiral quivers 11
4.1.1 Adding an adjoint field 14
4.2 The first class of orientilfolds: O3 planes 15
4.2.1 Duality on an SP (2N)k node 16
4.2.2 Duality on an SO(2N)2k node 17
4.3 The second class of orientifolds: duality on SO(2N + 1)k 19
5 Duality and free theories: some exact results 21
5.1 SU(2)1 theory with an adjoint field 21
5.2 SO(4)1 with the adjoint field 22
5.3 SP (4)2 with an absolutely antisymmetric field 23
5.3.1 The superconformal index 24
6 Comments on accidental symmetries 25
6.1 Accidental symmetries in the duality with free theories 26
7 Open questions 28
A Relations among hyperbolic integrals 30
A.1 The unitary case 30
A.2 The symplectic case 32
B Characters 33
– 1 –
1 Introduction
Three dimensional dualities between supersymmetric field theories have been studied
since a long time. Some of them are similar to the four dimensional case of Seiberg
duality, like the Aharony duality [1] and the Giveon-Kutasov one [2].
More recently, new nonperturbative techniques have been used to gain more in-
sights into aspects of three-dimensional field theories. In particular, the exact partition
function of any N ≥ 2 superconformal field theory reduces to a matrix model for any
value of the coupling constants [3–5], and gives information about physical quantities
of the given model [6–18] that can be compared with previous results [19–38].
Moreover, one can also compare the partition functions of two field theories that
are conjectured to describe dual phases of the same superconformal fixed point, thus
providing a nontrivial check of the duality. Showing that both sides share the same
partition function is non trivial . One can consider different limits. Seiberg-like dualities
for theories with at least N = 3 supersymmetry have been considered in [39, 40]. With
lower supersymmetry, the partition function is considerably more complicated. In
the large-N limit, one can use the saddle point approximation and successfully study
infinite classes of theories which involve an arbitrary product gauge group [11, 41]. For
finite values of the gauge group rank and Chern-Simons (CS) level one can exploit the
following observation. Exact results can be also obtained by generalizing the three-
dimensional space on which the theory is defined to a squashed three-sphere, which
enjoys a U(1)2 subgroup of the isometry group SU(2)2 of S3. The localized partition
function on this space can be written in terms of hyperbolic functions [42]. A review of
their properties is given in [43], and in appendix A, and they have revealed themselves
very useful to give further evidence to a large class of dualities [44–47].
In most of these cases a single gauge group has been considered, but in principle
one can use the same approach to match exact results for physical quantities among
dual phases of theories describing generic configurations of M2 branes.
In this paper we are interested in different classes of dualities. Some of these have
been considered in the framework of the large-N approximation of the partition function
in [11, 41]. However, this limit does not catch an important subtlety of the duality
transformation. If one starts with a product of unitary gauge groups
∏
U(N)ki in the
electric theory and performs a duality transformation on the group i the resulting dual
gauge group contains a factor U(N+ |ki|). At the leading order in a large-N expansion,
this dependence upon the CS level k does not play any role. We drop the large-N limit
and provide nontrivial evidence for this duality to hold at any value of N and the k’s
in section 4. We also consider other models, which can be derived as the low energy
theories living on the worldvolume of intersecting D-branes and orientifold O-planes,
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their dual phases and match the finite-N partition function for them.
Another interesting set of dualities recently proposed in [48] and extended in [49]
can be studied by computing the partition function on the squashed three-sphere. In
these cases we re-derive some of the known results by applying the exact calculations
of [43] and we compare with known dualities.
In these cases one has to pay attention to infrared accidental symmetries. Indeed in
some cases the exact computation shows that some theories look dual to free theories
in which the scaling dimensions of the gauge invariant operators are not consistent
with the free theory value. A proper modification of the extremization principle, to
account for the mixing of accidental symmetries with the R-symmetry, is necessary for
the calculation of the exact R-charge.
The paper is organized as follows. In section 2 we review the rules to write the
all-loop partition function on a squashed three-sphere, and show how it can be written
in terms of hyperbolic functions. We also list a few basic properties of the hyperbolic
functions. In section 3 we review some of the classes of models we are interested in. We
describe how they can be embedded in a type IIB setup, and how the duality transfor-
mations follow from this embedding. We consider theories with unitary, orthogonal and
symplectic factors in the product gauge group. The dualities are proved for any value
of the ranks and CS levels in section 4 through the matching of the partition functions
on both sides. Models with free field theory duals will be considered in section 5, where
we also raise the problem of accidental symmetries which we further describe in section
6. Open problems and hints for future work are discussed in section 7. We include
some appendices which contain technical details.
2 The partition function on a squashed three sphere
Localization has allowed to reduce the partition function of any N = 2 three dimen-
sional supersymmetric theory on a three sphere S3 [4, 5]. A further refinement [42]
involves two different squashed spheres S3b : One of them preserves an SU(2) × U(1)
isometry, but in this case the localization does not give any new result, the other one,
which will be very useful in this paper, preserves an U(1)2 isometry. The partition
function on the latter squashed sphere S3b for a CS matter theory with gauge group G
is
ZS3
b
=
∫
Trk(G)
rk(G)∏
i=1
dxie
iπkTrF x
2
det
adj
(
sinh (πbρα(x)) sinh
(
πb−1ρα(x)
))
×
∏
ρ∈r
Sb
(
i
2
(b+ b−1)(1−∆r)− ρr(x)
)
(2.1)
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where ∆r is the scaling dimension (which in three dimensions coincides with the R-
charge) of a chiral matter field in the representation r, ρr are the weights of the rep-
resentation r, and ρα are the roots of the gauge groups G. The various factors in the
integrand in (2.1) correspond to the contribution from the CS term, the vector multi-
plet and the matter superfields (in the representation r) respectively. The function Sb
is the double sine function defined as
Sb
(
i
2
(b+ b−1)(1−∆r)− ρ(x)
)
=
∞∏
n1,n2≥0
n1b+ n2b
−1 + b+b
−1
2
+ iρ(x) + b+b
−1
2
(1−∆r)
n1b+ n2b−1 +
b+b−1
2
− iρ(x)− b+b−1
2
(1−∆r)
(2.2)
The limit b = 1 corresponds to the round sphere considered in [4, 5]. In that case the
double sine reduces to
S1 (i(1−∆r)− ρ(x)) ≡ S1(iz) = el(z) (2.3)
where l(z) is defined such that its derivative is −πz cot(πz).
The partition function on the squashed sphere is more complicated than the cor-
responding one on the round sphere. However, since the double sine function can be
identified with the hyperbolic Gamma function [50], we can exploit the recent work by
mathematicians which provide us with exact results for the integral involved in physical
computations [43]. In the following we introduce the basic definitions relevant for this
paper, and provide more technical details to appendix A.
2.1 Hyperbolic functions
We start by introducing the periods ω1 and ω2, that in this case are identified with
ω1 = ib , ω2 = ib
−1 , ω =
ω1 + ω2
2
(2.4)
The double sine function in terms of ω1, ω2 and z becomes
S(−iz;−iω1,−iω2) =
∞∏
n1,n2≥0
(n1 + 1)ω1 + (n2 + 1)ω2 − z
n1ω1 + n2ω2 + z
(2.5)
This corresponds to the hyperbolic gamma function Γh(z;ω1, ω2) ≡ Γh(z) first defined
in [50]. This function satisfies the difference equations
Γh(z + ω1) = 2 sin
(
πz
ω2
)
Γh(z) , Γh(z + ω2) = 2 sin
(
πz
ω1
)
Γh(z) (2.6)
and the reflection formula
Γh(z + ψ1)Γh(ψ2 − z) = 1 if ψ1 + ψ2 = 2ω (2.7)
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Other useful identities are
Γh(ω) = 1 , Γh
(ω1
2
)
= Γh
(ω2
2
)
=
1√
2
, Γh
(
ω +
ω1
2
)
= Γh
(
ω +
ω2
2
)
=
√
2 (2.8)
and
Γh(2z) = Γh (z) Γh
(
z +
ω1
2
)
Γh
(
z +
ω2
2
)
Γh(z + ω) (2.9)
(2.10)
By combining (2.6) and (2.7) one has
Γh(±z) ≡ Γh(z)Γh(−z) = Γh(z + ω1)Γh(ω2 − z)
4 sin
(
πz
ω1
)
sin
(
−πz
ω2
) = − 1
4 sin
(
πz
ω1
)
sin
(
πz
ω2
) (2.11)
which correspfonds to the one loop contribution of the vector multiplet in (2.1). The
final expression for the partition function in terms of the hyperbolic gamma function
is
Z(∆R, ω1, ω2) = 1√
(−ω1ω2)nW
∫ n∏
i=1
duie
−ipik
ω1ω2
x2i
∏
ρr∈R
Γh(ρr(x) + ω∆R)∏
ρα∈α(+)
Γh(±ρα(xi)) (2.12)
where W is the dimension of the Weyl subgroup and n is the rank of the gauge group.
Many exact results concerning these integrals have been studied in [43]. To deal with
the notations there we define the functions c(x) and ζ as
c(x) ≡ exp
(
iπx
2ω1ω2
)
, ζ = e
ipi(ω21+ω
2
2)
24ω1ω2 (2.13)
in terms of which the CS contribution at level k = − t
2
is
exp
(
iπt
2ω1ω2
x2i
)
= c(tx2i ) (2.14)
Also notice that in the S3 limit, ω1 = ω2 = i, we obtain log (Γh (z)) = l(1 + iz) which
is the one loop contribution of matter fields computed in [4].
3 Families of quiver gauge theories and M2 branes
In this section we survey the classes of models dual to M2 branes on Calabi-Yau fourfold
that we will be interested in. These models have been deeply investigated in [26–
33, 35, 36, 38].
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Each one can be understood in the framework of type IIB SUGRA compactified
on a circle. The low energy brane dynamics is described by the worldvolume theory
living in the 2 + 1 infinite directions of some D3 brane suspended between pairs of
(1, pi) fivebranes. The latter picture also provides us with a representation in terms of
quiver diagrams, according to which we associate a node to each gauge group and an
arrow to each matter field. We distinguish two types of arrows: one which connects two
distinct nodes is associated to bifundamental matter fields, while one that has both its
endpoints on the same node represents a chiral field in the adjoint representation.
In the three-dimensional case, in addition to the above information we also have
to provide the CS levels. In the type IIB picture, they are given by the difference
(pi − pi−1). From a purely field theoretical point of view, our only constraint will be
that they add up to zero.
Finally, we will let the gauge group factors to be either the unitary, orthogonal or
symplectic group (i.e. we also consider cases with O3 planes in the brane construction).
3.1 Unitary groups
We take type IIB string theory compactified on a circle, which we parametrize with
the x6 coordinate. The worldvolume theory of a stack of N D3 branes wrapped on the
circle is described by a U(N) gauge theory in three dimensions. If the D3’s intersect
g NS5 extended along the D3 worldvolume but not around the circle, the gauge group
contains g U(N) factors. The introduction of the CS terms is achieved by replacing
the NS5 with a tilted bound state of NS5 and pi D5, dubbed (1, pi) fivebrane. We
refer to table 1 for the precise definition of the embedding. The (0, 1, 2) directions
represent the three-dimensional spacetime, with x6 compact. The α-th NS5 brane,
brane 0 1 2 3 4 5 6 7 8 9
D3 X X X X
NS5α X X X X X X
NS5β X X X X X X
D5α X X X X X X
D5β X X X X X X
Table 1. Type IIB embedding of low energy CS field theories.
α = 1, . . . , a, combines with the Qα D5α branes to give a (1, Qα)-fivebrane stretched
along the 012[37]θα45 direction. The β-th NS5 brane, β = 1, . . . , b, combines with the
Pβ D5β branes to give a (1, Pβ)-fivebrane stretched along the 012[37]θβ89 direction. For
specific values of the angles θα and θβ determined by Qα and Pβ, the supersymmetry
is enhanced to N ≥ 3. We will consider generic configurations, so our results will be
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also valid when this enhancement does occur. The fivebranes are chosen to be placed
in the following order: first we put b − a (1, Pβ) fivebranes on the circle and then we
alternate the remaining a (1, Pβ) and the a (1, Qα).
The Ni D3-branes stretched between each pair of (1, pi) give rise to a U(Ni)ki gauge
group in the quiver. Each (1, pi) is associated to a pair of bifundamental chiral fields
in the (Ni, N¯i+1) representation. In addition, we have an adjoint chiral field for each
consecutive pair of (1, pi) of the same type. The resulting field theory is a
∏g
i=1 U(Ni)ki
gauge theory, where ki represents the CS level of the i-th group and g = b + a. The
levels are given by the relation ki = pi−pi+1 which also implies
∑
ki = 0. In the quiver
representation we have the first b nodes with adjoint matter and the last a without
adjoints; every pair of consecutive nodes is connected by a pair of bifundamental and
anti-bifundamental fields. We also obtain the following superpotential
W = X1,1X1,a+bXa+b,1 +
b−a∑
i=1
Xi,iXi,i+1Xi+1,i +
a+b∑
i=b−a+1
Xi,i−1Xi−1,iXi,i+1Xi+1,i (3.1)
whereXi,j indicates a bifundamental field connecting nodes i and j andXi,i corresponds
to an adjoint of the node i. Globally, the brane construction and thus the field theory
preserves N = 2 supersymmetry.
3.1.1 Duality
The above brane picture allows us to describe Seiberg-like dualities in an unified way,
through the Hanany-Witten transition [51]. Consider two consecutive, non-parallel,
(1, pi) fivebranes and move one towards the other until they cross and exchange their
positions along the x6 direction. Quantum charge conservation requires the creation of
|Pβb+i −Qαi | = kb+i D3 branes on top of the existing Nb+i ones.
Correspondingly, in the low energy field theory the i-th gauge factor changes its
rank from Ni to Ni + |ki|, and because the fivebrane charges and order determine the
CS levels, the latter also undergo the following shift
ki−1 = pi−1 − pi → k′i−1 = pi−1 − pi+1 = ki−1 + ki
ki = pi − pi+1 → k′i = pi+1 − pi = −ki (3.2)
ki+1 = pi+1 − pi+2 → k′i+1 = pi − pi+2 = ki+1 + ki
Note that the sum of all the CS levels is preserved in this process. The local nature of
the Hanany-Witten transition is reflected in the field theory by the fact that only one
gauge group and its first neighbors go through a change. Finally the superpotential
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locally changes as1
W˜ = Yb+i−1,b+i−1Yb+i−1,b+iYb+i,b+i−1 + Yb+i,b+i−1Yb+i−1,b+iYb+i,b+i+1Yb+i+1,b+i
+ Yb+i+1,b+i+1Yb+i+1,b+iYb+i,b+i+1 (3.3)
Notice that the dual theory also contains two new adjoint fields. Thanks to the above
superpotential, the two models have the same moduli space and are conjectured to be
dual to each other in the deep infrared. Also notice that nowhere did we use the fact
that in this example the electric ranks of the gauge groups are equal to each other.
Thus the same argument can be straightforwardly applied to a product of arbitrary
unitary groups.
The duality above extends the Kutasov-Giveon duality [2] for three dimensional
supersymmetric gauge theories with CS terms. Nontrivial checks are required in order
to validate the whole picture provided above. In fact, there exist two limits where such
checks have been given. One is the large N limit [11]. In this case, the dual gauge
group can be safely taken to be the original one, because any difference in the ranks due
to the CS levels is subleading. Notice that, in general, this is a nontrivial statement.2
The second limit corresponds to the case of finite N with N ≥ 3. Only partial
results have been studied in this limit. For instance, when a = b = 1 the model is the
ABJM model which enjoys N = 6 supersymmetry. In that case the analysis becomes
much simpler and many checks have been provided. In fact, beside the moduli space
matching, there is no check for models with g > 2 gauge group factors and N = 2
supersymmetry. The main difficulties in this case are due to the nontrivial anomalous
dimensions of the fields. We will see how we can identify the scaling dimensions of the
fields on the two sides of the duality so that the two partition functions agree even
for g > 2 and for arbitrary ranks. We will also argue that the map we will describe
preserves extremization of the partition function with respect to scaling dimensions
themselves.
3.2 Orthogonal and symplectic groups: the orientifold
While we focused on unitary gauge groups in the above subsection, more general models
can be derived from the same type IIB picture above. An immediate extension includes
adding orientifold O3 planes on top of the D3 branes, which we employ in the following.
1Actually also the nodes b-2 and b-2 are involved, because there are two extra terms
Xb−2,b−1Yb−1,b−1Xb−1,b−2 and Xb+2,b+1Yb+1,b+1Xb+1,b+2 in the superpotential. We can skip this con-
tribution in our analysis because the R-charges of X fields are not affected.
2We are grateful to Claudius Klare and Alberto Zaffaroni for discussions on this point.
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Type Charge Group
O3+ −1
4
SP (2N)
O3− 1
4
SO(2N)
O˜3
+
1
4
SP (2N)
O˜3
−
1
4
SO(2N + 1)
Table 2. O3 planes, their D3 brane charge and the corresponding gauge group.
This construction does not break any residual supersymmetry, so we will end up with
N ≥ 2 theories [52, 53].3
For simplicity, we restrict to the class of theories with a = b. Under the orientifold
projection, the (1, pi) fivebranes which intersect the O3 are identified with their own
image while the projection does not act on the D3 branes. There are four kind of O3
planes, named O3± and O˜3
±
, that differ, among other, by the amount of D3 brane
charge they carry, and by the resulting worldvolume theory gauge group they lead to.
We summarize the different cases in table 2. A (1, pi) fivebrane which intersects the
orientifold plane switches its type according to the following rule: If pi is even we have
(O3+, O˜3
+
) ↔ (O3−, O˜3−) otherwise if pi is odd we have (O3± ↔ O˜3
∓
). We restrict
to the case of pi even and make this explicit by considering (1, 2pi) instead. According
to the general discussion on the brane engineering of CS matter theories above, all the
CS terms will be even too.
It is then clear that the gauge group will include alternating factors of orthogonal
and symplectic groups. Their ranks are given by the choice of the O3 planes, namely
we obtain a chain of SO(2N)2ki × SP (2N)kj factors for alternating O3+ and O3−
planes, and of SO(2N +1)2ki×SP (2N)kj factors in the O˜3
±
case (with the convention
SP (2) ≃ SU(2)).4 An example of such construction is given in figure 1 for the case
with O3±. The fields are projected such that every pair of bifundamental and anti-
bifundamental becomes a single field in the fundamental of both the SP and SO node.
By starting with Xi−1,i and Xi,i−1 one ends up with a single field Xi−1,i when we fix
the left to right convention on the indices. The superpotential is
W = (Xi−1,i ·Xi,i+1)2 (3.4)
3Other orientifold constructions that break supersymmetry have been investigated in [54, 55].
4Observe that the level of the SP group k is integer. For this reason taking an odd number of D5
in the fivebrane is quantum mechanically inconsistent, because we would get a semi-integer CS level.
Moreover in the CS contribution to the partition function there will be an extra factor of 2 for the SP
cases, due to normalization of the generators [44].
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2O3
O3 + +O3
+O3
O3
−
−
O3
O3
−
−
O3
O3
−O3 +
.........
.........
......... .........
.........
.........
.........
(1,2p  )(1,2p  ) (1,2p  )2a 1
+
Figure 1. A type IIB embedding of orthogonal and symplectic field theories via O3± planes
on a stack of D3.
where the products are appropriately taken in the SP and/or SO case.
3.2.1 Duality
We again apply the brane creation effect when two fivebranes cross each other to derive
the rules for the low energy field theory duality. The steps are in close analogy with
the ones above, with the charge of the O3 plane properly taken into account.
Because the duality only acts locally on the quiver, we can isolate the node over
which we perform the fivebrane exchange and collect the changes in the gauge group
and CS level of itself and its neighbors as follows: suppose we apply the duality on the
node A which locally looks like
A-1 A A+1
SO(2N)2kA−1 SP (2N)kA SO(2N)2kA+1
SO(2N + 1)2kA−1 SP (2N)kA SO(2N + 1)2kA+1
SP (2N)kA−1 SO(2N)2kA SP (2N)kA+1
SP (2N)kA−1 SO(2N + 1)2kA SP (2N)kA+1
with superpotential (3.4). Then the dual theory is locally given by
A-1 A A+1
SO(2N)2kA−1+2kA SP (2(N + |kA| − 1)−kA SO(2N)2kA+1+2kA
SO(2N + 1)2kA−1+2kA SP (2(N + |kA| − 1))−kA SO(2N + 1)2kA+1+2kA
SP (2N)kA−1+kA SO(2(N + kA − 1))−2kA SP (2N)kA+1+kA
SP (2N)kA−1+kA SO(2(N + |kA|) + 1)−kA SP (2N)kA+1+kA
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with all the remaining nodes in the quiver unchanged and dual superpotential given by
W˜ = YA−1,A−1 · Y 2A−1,A + Y 2A−1,AY 2A,A+1 + YA+1,A+1 · Y 2A+1,A (3.5)
These dualities fit with the ones proposed in [45] for the case without the quiver struc-
ture, and with the ones for the case of two gauge groups and higher supersymmetry
[53].
In the following we will show that the partition function is preserved at finite N
for all of these dualities.
4 Exact results for the dualities
In this section we evaluate the exact partition function on a squashed three sphere
of the above models and provide further evidence for the dualities. We review the
identities we use in Appendix A and also refer to [43] for more details. Because the
duality only acts on the local structure of the quiver, we can restrict ourselves to the
the subset of variables which undergo the duality transformation. In other words, we
explicitly write only the integration variables corresponding to the gauge group factor
we are performing the duality on.
4.1 Duality in U(N)k non-chiral quivers
In this case the large N partition function have been studied in [6–11, 17], and the
agreement between dual phases have been checked in this limit in [11, 18, 39–41]. Here
we provide the agreement at finite N .
In terms of the hyperbolic functions defined in section 2, the partition function for
models with only unitary gauge groups can be written in a very compact way. The
matter content and local quiver structure are represented in figure 2, where we used
the letter A to label the gauge group factor over which we perform the duality. From
the top figure we read the relevant contribution to the partition function involved in
the duality as
Ze = 1√
(−ω1ω2)NN !
∫ A∏
J=A−1
N∏
i,j=1
∏
η=±1
Γh
(
η
(
x
(i)
J − x(j)J+1
)
+ ω∆
(η)
J,J+1
)
N∏
i<j
Γh
(
±
(
x
(i)
A − x(j)A
))
×
A+1∏
J=A−1
N∏
i=1
c
(
−2kJx(i)J
2
) N∏
i=1
dx
(i)
A (4.1)
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A  U(N)   U(N)
  U(N)
  U(N)   U(N)
  U(N+  K  )
AK−A
K K+A KA−1 A+1+ KA
KA−1
K
KA+1
Figure 2. Dual phases describing a stack of M2 branes probing a Calabi-Yau fourfold.
where the round sphere corresponds to the limit ω1 = ω2 = ω = i. Our aim is to write
(4.1) in a form that can be interpreted as the partition function of the dual theory
described in section 3. We find it is useful to define the following shorthand notation
∆J,J+1 = ∆
(+)
J,J+1
µ
(i)
A+1 = x
(i)
A+1 + ω∆
(−)
A,A+1
ν
(i)
A+1 = −x(i)A+1 + ω∆(+)A,A+1
µr = {µ(i)A−1, µ(i)A+1}
∆J+1,J = ∆
(−)
J,J+1
µ
(i)
A−1 = x
(i)
A−1 + ω∆
(+)
A−1,A
ν
(i)
A−1 = −x(i)A−1 + ω∆(−)A−1,A
νs = {ν(i)A−1, ν(i)A+1}
(4.2)
which satisfy the superpotential contraint
2N∑
r=1
µr +
2N∑
s=1
νs = Nω(∆
(−)
A,A+1 +∆
(+)
A,A+1 +∆
(−)
A−1,A +∆
(+)
A−1,A) = 2ωN (4.3)
Here r and s are collective indices for elements of the respective sets. By applying
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equation (A.5) and fixing kA > 0 we obtain
Zm = 1√
(−ω1ω2)N+kA(N + kA)!
∫ ∏
J=A±1
N∏
i=1
N+kA∏
j=1
Γh
(
ω − ν(i)J − x(j)A
)
Γh
(
ω − µ(i)J + x(j)A
)
N+kA∏
i<j
Γh
(
±
(
x
(i)
A − x(j)A
))
N∏
i=1
c
(
−2(kA + kJ)x(i)J
2
)N+kA∏
i=1
c
(
2kAx
(i)
A
2
)
dx
(i)
A ×
2N∏
r,s=1
Γh (µr + νs)
ζ−k
2
A−2 c
(
k2A
(
2ω2 − 1)+ 2N kA (ω2 (∆2A−1,A +∆2A,A+1 − 2) − 1)) (4.4)
The denominator can be interpreted as the 1-loop contribution from the vector super-
field of the gauge group U(N + kA) (recall that the duality does not change the ranks
of other factors).5 The numerator in the first term contains the contribution from the
(anti)bifundamental fields: it is easy to see that bifundamental fields are mapped to
anti-bifundamental fields and viceversa, as required by Seiberg duality. Moreover, we
also obtain the offshell map between the scaling dimensions ∆˜ of the dual fields and
the electric ones
∆˜A,A±1 = 1−∆A±1,A ∆˜A±1,A = 1−∆A,A±1 (4.5)
The last factor in the second line of (4.4) gives the contribution from the new adjoint
fields. Indeed, it can be written in the form
2N∏
r,s=1
Γh(µr + νs) =
∏
J=A±1
N∏
i,j=1
Γh
(
x
(i)
J − x(j)J + ω∆˜J,J
)
×
N∏
i,j=1
Γh
(
x
(i)
A+1 − x(j)A−1 + ω(∆(+)A,A+1 +∆(−)A−1,A)
)
N∏
i,j=1
Γh
(
x
(i)
A−1 − x(j)A+1 + ω(∆(−)A,A+1 +∆(+)A−1,A)
)
(4.6)
where ∆˜A±1,A±1 = ∆A±1,A + ∆A,A±1 gives the R-charge of the adjoint fields. On the
5In this case we choose all the ranks NJ equal to N . In more general situations, when fractional
branes are considered in the electric theory, all the ranks can be different, and the duality preserves
the partition function as in this case. Moreover, as explained in the appendix, we are restricting to
kA > 0. For a generic kA the dual rank becomes N + |kA|.
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field theory side the dual superpotential is
W = . . . + YA,A−1YA−1,A−1YA−1,A + YA−1,AYA,A+1YA+1,A−1
+ YA+1,AYA,A−1YA−1,A+1 + YA,A+1YA+1,A+1YA+1,A + . . . (4.7)
and by integrating out the fields YA−1,A+1 and YA+1,A−1 it becomes
W = YA,A−1YA−1,A−1YA−1,A − YA−1,AYA,A+1YA+1,AYA,A−1 + YA,A+1YA+1,A+1YA+1,A + . . .
(4.8)
where the dual fields YA±1,A±1 are related to the electric ones as
YA±1,A±1 = XA±1,AXA,A±1 (4.9)
Formula (4.6) takes properly into account the contribution of the new mesons YA+1,A+1
and YA−1,A−1. The contribution of the two extra mesons reduces to 1 in (4.6) after using
the reflection formula (2.7) and the superpotential constraint∆˜A−1,A+1+∆˜A+1,A−1 = 2.
We now check that the CS levels shift according to the discussion in section 3. For
simplicity we gauge fix the complexified Fayet-Iliopoulos (FI) term ∆m to zero, but the
corresponding generalization is straightforward and one can easily map the electric FI
in the magnetic one as ∆′m = ∆
′
m
(
∆m,∆
(±)
J,J+1
)
. We stress that we can perform this
gauge fixing choice without worrying about extremization with respect to ∆m because
we consider U(N) factors as opposed to SU(N) ones. Below, when we will consider
orthogonal and symplectic gauge groups, the FI term will vanish even for simple group
factors because of invariance under charge conjugation.
Having fixed the FI term, the linear terms in the function c in (4.4) have to cancel
out. Recall that in a vector-like theory with vanishing FI term we also have ∆
(+)
J,J+1 =
∆
(−)
J,J+1 and
∑
µr =
∑
νs. We only need these relations here, but they can be easily
relaxed if one wishes to introduce a nontrivial FI term in the model. We obtain in
(4.4) the shift of the levels kA±1 by a factor of kA while the level for the dualized group
switches its sign. Finally the last line in (4.4) represents a pure phase factor, which
does not spoil the duality.
4.1.1 Adding an adjoint field
We now consider a slightly different model which also contains an adjoint field XA−1,A−1
on the electric side. The quiver for the dual phases is depicted in Figure 3. The
superpotential for the colored nodes of the quiver is
We = · · ·+XA−1,A−1XA−1,AXA,A−1 −XA−1,AXA,A+1XA+1,AXA,A−1 + . . . (4.10)
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A  U(N)  U(N)
KA−1 KA+1
  U(N)
  U(N)  U(N)
  U(N+  K  )
AK−A
K K+A KA−1 A+1+ KA
K
Figure 3. Dual phases describing a stack of M2 branes probing Calabi-Yau fourfold with
adjoint matter involved in the duality.
The dual superpotential is
Wm = . . . YA−1,AYA,A+1YA+1,AYA,A−1 − YA+1,A+1YA+1,AYA,A+1 + . . . (4.11)
The relevant contribution to the electric partition function on the squashed sphere is:
Ze = 1√
ωN1 ω
N
2 N !
∫ A∏
J=A−1
N∏
i,j=1
Γh
(
±
(
x
(i)
J − x(j)J+1
)
+ ω∆
(η)
J,J+1
)
A+1∏
J=A−1
N∏
i<j
Γh
(
±
(
x
(i)
J − x(j)J
)) (4.12)
N∏
i,j=1
Γh
(
±
(
x
(A−1)
i − x(A−1)i
)
+ ω∆A−1,A−1
) A+1∏
J=A−1
N∏
i=1
c
(
−2kJx(i)J
2
)
dx
(i)
J
The duality can be shown by following the same steps as in Subsection 4.1. The only
difference is that in (4.6) there is an extra constraint ∆A−1,A−1+∆A−1,A+∆A,A−1 = 2.
This constraint sets the contribution of the meson YA−1,A−1 to 1 in the dual partition
function (in field theory it is integrated out) because of (2.7).
4.2 The first class of orientilfolds: O3 planes
In this section we study the duality on the first class of orientifolded models introduced
in section 3.2 and match the partition function between different phases. Recall that
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the relevant models are quiver field theories with alternating ”a” SP (2N)ki and ”a”
SO(2N)2ki nodes, with
∑
ki = 0. The superpotential is
W =
2a−1∑
J=1
(XJ,J+1 ·XJ+1,J+2)2 (4.13)
where X2a,2a+1 = X2a,1. If a > 1 there is always a field connecting two consecutive
nodes labeled by J and J + 1, and we assign to this field the charge ∆J,J+1.
6 The
superpotential imposes the constraint ∆J−1,J +∆J,J+1 = 1.
4.2.1 Duality on an SP (2N)k node
We first study the duality on an SP (2N)kA group. Also in this case we refer to the
quiver in Figure 2, but we erase the arrows because the groups are real and there is no
distinction between fundamental and antifundamental representations. The relevant
contribution to the partition function for this model is
ZSP (2N)kA =
∫ A∏
J=A−1
N∏
i,j=1
Γh
(
±x(i)J ± x(j)J+1 + ω∆J,J+1
) A+1∏
J=A−1
N∏
i=1
c
(
−4kJx(i)J
2
)
∏
1≤i<j≤N
Γh
(
±x(i)A ± x(j)A
) N∏
i=1
Γh
(
±2x(i)A
) N∏
i=1
dx
(i)
A
(4.14)
where we used the notation Γh(x+ a)Γh(−x+ a) = Γh(±x+ a). In this case we define
the µr variables as
µ
(±)
i,A−1 = ±x(i)A−1 + ω∆A−1,A , µ(±)i,A+1 = ±x(i)A+1 + ω∆A,A+1 (4.15)
Since there are 4N different µ the index r runs from 1 to 4N , such that
µr = {µ(+)i,A−1, µ(−)i,A−1, µ(+)i,A+1, µ(−)i,A+1} (4.16)
where every i runs from 1 to N . The dual gauge group is
SO(2N)2(kA−1+kA) × SP (2(N + |kA| − 1))−kA × SO(2N)2(kA+kA+1) (4.17)
The dual superpotential is
Wm = YA±1,A±1 · YA±1,A · YA,A±1 − (YA−1,A · YA,A+1)2 (4.18)
6The case a = 1 reduces to the models studied in [53].
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The partition function of the dual gauge theory corresponds to the RHS of (A.9) by
fixing kA > 0. In this case we have
IN+kA−1N,2(1+kA)a(µ) = I
N
N+kA−1,2(1+kA)b
(ω − µ)
∏
1≤r<s≤4N
Γh (µr + µs) ζ
(kA−1)(1−2kA) (4.19)
c
(
ω2
(
2k2A−kA
(
3+4N
(
∆2A−1,A+∆
2
A,A+1−1
))
+1
)−4kA
(
N∑
i=1
x
(i)
A−1
2
+
N∑
i=1
x
(i)
A+1
2
))
The case kA < 0 in the electric theory is studied by inverting (A.9) as explained in
Appendix A. As expected the rank of the dual groups is N˜ = N + |kA| − 1.
It is straightforward to see from the first term in the RHS of (4.19) that the electric
R-charge of a bifundamental connecting a pair of nodes in the electric theory is related
in the magnetic theory to the R-charge of a bifundamental connecting the same pair
of nodes nodes through ∆˜i,j = 1−∆i,j .
The second term in the RHS of (4.19) can be expanded in terms of µr and it
becomes∏
1≤r<s≤4N
Γh (µr + µs) = (4.20)
=
∏
1≤i<j≤N
Γh
(
±x(i)A−1 ± x(j)A−1 + 2ω∆A−1,A
)
× ΓhN (2ω∆A−1,A)
×
∏
1≤i<j≤N
Γh
(
±x(i)A+1 ± x(j)A+1 + 2ω∆A,A+1
)
× ΓhN (2ω∆A,A+1)
×
N∏
i,j=1
Γh
(
±x(i)A+1 ± x(j)A−1 + ω∆A−1,A + ω∆A,A+1
)
(4.21)
The first two terms are the mesons of the dual theory while the last one evaluates to 1
because of the superpotential constraint on the R-charges.
We conclude the proof of the duality with the analysis of the CS contributions to
the partition function. The CS of the dual SP group switches from kA to −kA, because
the dual theory is a “b” integral (see Appendix A for details). The CS of the SO groups
transform in (4.19) as 2kA±1 → 2kA + 2kA±1, as expected.
Similar to the case of unitary theories, (4.19) also has which we ignore.
4.2.2 Duality on an SO(2N)2k node
In the O3± orientifolded quiver one can also dualize an SO(2N)2kA node. The dual
gauge group is
SP (2N)kA−1+kA × SO(2(N + |k|+ 1))−2kA × SP (2N)kA+kA+1 (4.22)
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and the superpotential is again (4.18) with the proper products. The relevant contri-
bution to the partition function of the electric theory is
ZSO(2N)kA =
∫ A∏
J=A−1
N∏
i,j=1
Γh
(
±x(i)J ± x(j)J+1 + ω∆J,J+1
) A+1∏
J=A−1
N∏
i=1
c
(
−4kJx(i)J
2
)
∏
1≤i<j≤N
Γh
(
±x(i)A ± x(j)A
) N∏
i=1
dx
(i)
A
(4.23)
As in [44, 46] the measure of the SO(2N) gauge group can be converted into that of
an SP (2N) group by applying the relation (2.9) and inserting in the partition function
the contribution
1 =
N∏
i=1
4∏
α=1
Γh(±x(i)A + ρα)
Γh(±2x(i)A )
(4.24)
where ρα =
(
0, ω1
2
, ω2
2
, ω
)
. The µ vector becomes
µr = {µ(+)i,A−1, µ(−)i,A−1, µ(+)i,A+1, µ(−)i,A+1, ρα} (4.25)
where r = 1, . . . , 4N + 4 and
µ
(±)
i,A−1 = ±x(i)A−1 + ω∆A−1,A , µ(±)i,A+1 = ±x(i)A+1 + ω∆A,A+1 (4.26)
By applying (A.9) with kA > 0 we have
IN+kA+1N,2(1+kA)a(µ) = I
N
N+kA+1,2(1+kA)b
(ω − µ)
∏
1≤r<s≤4N+4
Γh (µr + µs) ζ
(kA−1)(1−2kA)
× c
(
4kA
(
N∑
i=1
x
(i)
A−1
2
+
N∑
i=1
x
(i)
A+1
2
)
− 1
2
kA
(
ω1
2 + ω1
2
))
(4.27)
× c (ω2 (2kA2 + kA (3− 4N (∆A−1,A2 +∆A,A+12 − 1))+ 1))
The case kA < 0 in the electric theory is studied by inverting (A.9). As expected the
rank of the dual groups is N˜ = N + |kA| + 1. Observe that it fits with the proposal
of [49], SO(N˜c) = SO(Nf + |K| − 2 − Nc). Indeed in our case Nc = 2N , K = 2kA,
Nf = 4N + 4 and N˜c = 2(N + |kA|+ 1).
The RHS of (4.27) corresponds to the partition function of the dual theory. By
using the relation (4.24) the extra terms in the measure arising in (4.27) become
N+|ka|+1∏
i=1
4∏
α=1
Γh(ω ± x(i)A − ρα)
Γh(±2x(i)A )
= 1 (4.28)
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thus giving us the measure of the SO(2(N + |kA|+ 1)) dual gauge group.
Upon expanding the Γh(µr + µs) term in the RHS of (4.27) we find∏
1≤r<s≤4N+4
Γh (µr + µs) =
∏
1≤r<s≤4N
Γh (µr + µs)
∏
1 ≤ r ≤ 4N
4N < s < 4N + 4
Γh (µr + µs)
∏
4N<r<s≤4N+4
Γh (µr + µs)
(4.29)
By combining the first two products we obtain
N∏
i,j=1
Γh(±x(i)A+1 ± x(j)A+1 + 2ω∆A,A+1)×
N∏
i,j=1
Γh(±x(i)A−1 ± x(j)A−1 + 2ω∆A−1,A) (4.30)
which represent the massless mesons of dual theory (they are the adjoints of neighbour-
ing SP(2N)). The extra contributions from the first two terms in the RHS of (4.29)
correspond to the massive mesons and evaluate to 1. The last term in the product in
(4.29) is
Γh
(ω1
2
)
Γh
(ω2
2
)
Γh(ω)
2Γh
(
ω +
ω1
2
)
Γh
(
ω +
ω2
2
)
= 1 (4.31)
bacause of (2.8). The rest of the terms in (4.27) give the right transformation on the
CS levels and an extra phase as usual.
4.3 The second class of orientifolds: duality on SO(2N + 1)k
If we consider O˜3
±
orientifold planes, the gauge groups of the necklace quiver involve
SO(2N + 1) factors instead of SO(2N). We are interested in studying the duality on
these nodes. The relevant contribution to the partition function is
ZSO(2N+1)kA =
∫ A∏
J=A−1
N∏
i,j=1
Γh
(
±x(i)J ± x(j)J+1 + ω∆J,J+1
) A+1∏
J=A−1
N∏
i=1
c
(
−4kJx(i)J
2
)
∏
1≤i<j≤N
Γh
(
±x(i)A ± x(j)A
) N∏
i=1
Γh
(
±x(i)A
)
×
N∏
i=1
Γh
(
±x(i)A−1 + ω∆A−1,A
)
Γh
(
±x(i)A+1 + ω∆A,A+1
)
dx
(i)
A (4.32)
The measure of the SO(2N + 1) group can be converted into the one of an SP (2N)
group by applying (2.9). We find
1
Γh
(
±x(i)A
) = Γh
(
±x(i)A + ω12
)
Γh
(
±x(i)A + ω22
)
Γh
(
±2x(i)A
) (4.33)
– 19 –
In this case the µ vector is 4N + 2 dimensionful. The first 4N elements are the same
of the previous orthogonal case while the extra two are ω1
2
and ω2
2
.
The partition function of the dual theory is obtained by applying (A.9) to (4.32).
By fixing kA > 0 we have
IN+kAN,2(1+kA)a(µ) = I
N
N+kA,2(1+kA)b
(ω − µ)
∏
1≤r<s≤4N+2
Γh (µr + µs) ζ
(kA+1)(1−2kA)
× c
(
−4kA
(
N∑
i=1
x
(i)
A−1
2
+
N∑
i=1
x
(i)
A+1
2
)
− 1
2
kA
(
ω21 + ω
2
2
))
(4.34)
× c (ω2kA (2kA + 1 + 4N − 4N (∆2A−1,A +∆2A,A+1)))
The case kA < 0 in the electric theory is studied by inverting (A.9). As expected the
rank of the dual group is N˜ = N + |kA|. Observe that it fits with the proposal of
[49], SO(N˜c) = SO(Nf + |K| − 2 − Nc). Indeed in our case Nc = 2N + 1, K = 2kA,
Nf = 4N + 2 and N˜c = 2(N + |kA|) + 1.
As before we can transform the measure back to SO(2(N + |kA|) + 1) by applying
(4.33). Then we study the mesons: we have to expand the product∏
1≤r<s≤4N+2
Γh (µr + µs)×
∏
1≤r≤4N
Γh (µr) (4.35)
where the first term come from (4.34) and the second one from (4.32). It is not difficult
to recognize the contribution of the dual mesons predicted by the duality. The term
1 ≤ r < s ≤ 4N gives ∏
1≤i<j≤N
Γh(±x(i)A±1 ± x(j)A±1 + 2ω∆A,A±1) (4.36)
The extra contributions come from∏
1≤r<≤4N,4N<s≤4N+2
Γh (µr + µs)×
∏
1≤r≤4N
Γh (µr) (4.37)
Explicitly we have
N∏
i=1
( ∏
α=1,2
Γh
(
±x(i)A±1 + ω∆A±1 +
ωα
2
))
× Γh
(
±x(i)A±1 + ω∆A±1
)
=
=
Γh (±2xA±1 + ω∆A±1,A)
Γh (±xA±1 + ω∆A±1,A + ω) (4.38)
The numerator in this expression replaces i < j with i ≤ j in (4.36) while the denomi-
nator can be transformed as
1
Γh (±xA±1 + ω∆A±1,A + ω) = Γh (±xA±1 + ω(1−∆A±1,A)) (4.39)
which corresponds to the dual of the second line of (4.32).
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5 Duality and free theories: some exact results
Three dimensional dualities are not only important for theories with an AdS dual but
also for more general SCFTs. For example in [48] a new duality was proposed between
an SU(2)1 CS theory with an adjoint and no superpotential and a free theory. This
duality was further studied in [49], in which an interacting CS matter theory without
superpotential is dual to a free theory. While many checks have been performed by
expanding the superconformal index, and comparing the expansions on both sides of
the dualities, a full understanding of the matching of the partition function is still
missing. Here we show the matching between the partition functions analytically.
The models considered in this section do not suffer from accidental symmetries. In
every case the partition function matrix integral of the electric interacting theory can
be worked out exactly and the extremization of the result sets the R-charges of the
magnetic fields to the canonical value without any modification. In general, the naive
extremization does not give this result, because the R-symmetry mixes with accidental
symmetries. We comment on the latter cases in the next section.
A technical comment is in order. In the following we need some relations involving
the integrals dubbed as JI in appendix A. We take them from [43] and mention them
in the text when necessary.
5.1 SU(2)1 theory with an adjoint field
The first example is an SU(2)1 CS theory with an adjoint, studied in [48]. The authors
proposed a general formula for the partition function in this case but they did not prove
this formula analytically. Here we use the results of [43] to show the agreement. The
partition function on the round sphere is
ZSU(2)1(∆) =
∫
dx sinh2 (2πx) e2πix
2
el(1−∆)+l(1−∆+2ix)+l(1−∆−2ix) (5.1)
=
1
4
∫
dǫ
∫
dx1dx2
(
−4 sin(π(x1 − x2)
i
) sin(
π(x1 − x2)
i
)
)
eπi(x
2
1+x
2
2)el(1+iτ)+l(1+iτ+i(x1−x2))+l(1+iτ−i(x1−x2))e2πi(x1+x2)ǫ
where we used the relation∫
d x1d x2δ(x1 + x2) =
∫
dǫ
∫
d x1d x2e
2πi(x1+x2)ǫ (5.2)
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and we set τ = i∆, where ∆ represents the R-charge of the adjoint field. In terms of
the hyperbolic functions the partition function becomes
ZSU(2)1(∆) = −
1
4Γ′h(τ)
∫
dǫ
(
Γ′h(τ)
2
2
∫
d x1d x2
Γ′h(τ ± (x1 − x2))
Γ′h(±(x1 − x2)
×c′(2λ(x1 + x2)− 2(x21 + x22))
)
(5.3)
where λ = −2ǫ. We used the notations Γ′h and c′ to specify that we are considering
ω1 = ω2 = i, i.e. this is the partition function on the three sphere. More generally
the formula inside the parenthesis can be associated to the partition function on the
squashed three sphere, and the resulting integral has been computed in [43]. Here we
quote the result
Γh(τ)
n√
(−ω1ω2)nn!
∫ ∏
1<≤i≤j≤n
Γh(τ ± (xi − xj)
Γh(±(xi − xj))
n∏
j=1
c(2λxj − 2x2j)dxj =
= ζ−3n
n∏
j=1
Γh (jτ) c
(
n
2
(
2ω2 + λ2 + 2(n− 1)τω + 1
3
(n− 1)(2n− 1)τ 2
))
(5.4)
By reducing on the three sphere, fixing n = 2 and applying (5.4) we have
ZSU(2)1 = −
1
4Γ′h(τ)
∫
dǫ ζ ′
−6
Γ′h(τ)Γ
′
h(2τ)c
′
(−2 + λ2 + 2iτ + τ 2) (5.5)
If we substitue ζ ′ = eiπ/12 and τ = i∆ in (5.5) and perform the gaussian integration∫ ∞
−∞
d λe−
ipiλ2
2 =
2√
2
e−
ipi
4 (5.6)
the final expression becomes
ZSU(2)1 =
1
2
√
2
el(1−2∆)e
ipi
2
(1+∆)2− ipi
4 (5.7)
which coincides with the one proposed by [48].
5.2 SO(4)1 with the adjoint field
As discussed in [49], the SO(4)1 with an adjoint reduces to two copies of the [48] duality,
because SO(4) ≃ SU(2) × SU(2). Here we show that the partition function can be
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exactly computed in the SO cases by using the results of [43] and reproduce the SO(4)1
case explicitly. In this case we need the relation
Γh(τ)
n√
(ω1ω2)
n2nn
∫ ∏
1≤i<j≤n
Γh(τ ± xi ± xj)
n∏
j=1
3∏
r=1
Γh(µr ± xj)
∏
1≤i<j≤n
Γh(±xi ± xj)
n∏
j=1
Γh(±2xj)
n∏
j=1
c(−2x2j )dxj =
=
n∏
j=1
Γh(jτ)
∏
1≤r<s≤3
Γh(jτ + µr + µs) (5.8)
× c
(
n
(
2(µ0µ1 + µ1µ2 + µ2µ0) + 2(n− 1)τ
3∑
r=1
µr +
1
3
(n− 1)(4n− 5)τ 2
))
This equation can be applied to the SO(2n)1 case after we identify
µ1 = 0 , µ2 =
ω1
2
, µ3 =
ω2
2
(5.9)
because, by applying (2.7) and (2.9), we have
Γh (±x) Γh
(±x + ω1
2
)
Γh
(±x+ ω2
2
)
Γh(±2x) = 1 (5.10)
Formula (5.8) then reduces to the partition function of a SO(2n)1 theory with a field
in the adjoint representation. If we reduce to the case n = 2 and fix τ = i∆ and
ω1 = ω2 = i the partition function on the three sphere is
e2l(1−2∆)e2πi(∆+
1
2)
2
− 3
2
πi (5.11)
which reduces to two copies of SU(2)1 theories with the adjoint and differs from that
case just by a phase factor.
5.3 SP (4)2 with an absolutely antisymmetric field
In the case of symplectic groups also there are exact relations in [43] that can be applied
to obtain a CS matter theory dual to a free theory.
Here we study the irreducible absolutely antisymmetric representation, described
by the Dynkin label ~s = (1, 1, 0 . . . , 0) (see Appendix B for details). By using the Schur
polynomial in the appendix the character of this irreducible representation is
χ(1,1,0,...,0) =
∑
i 6=j
(
zizj + ziz−j + z−izj + z−iz−j
)
+N − 1 (5.12)
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In this case we need the equality [43]
Γh(τ)
n−1√
(−ω1ω2)n2nn!
∫ ∏
1≤i<j≤n
Γh(τ ± xi ± xj)
Γh(±xi ± xj)
n∏
j=1
1
Γh(±2xj)c(−8x
2
j )dxj =
= ζ−3n
n∏
j=2
Γh(jτ) c
(
n
(
3ω2 + 3(n− 1)τω + 1
6
(n− 1)(2n− 7)τ 2
))
(5.13)
For n = 2 it represents the partition function for a SP (4)2 gauge theory with an
absolutely antisymmetric two index tensor. By fixing τ = i∆ and ω1 = ω2 = i the
partition function on the three sphere becomes
ZSP (4)2 = el(1−2∆)e−
ipi
2
(∆−3)2 (5.14)
This relation suggests that this theory is dual to a free theory with a singlet.
A similar duality appeared in [49], however the antisymmetric representation con-
sidered there was not irreducible and contained another singlet. This extra singlet
adds a Γh(τ) factor on both sides of (5.14), leaving the equality unchanged. In this
case the theory is dual to a theory with two singlets with charges ∆ and 2∆. This
case contains accidental symmetries which mix wit the R-symmetry and need to be
properly accounted in the extremization of the partition function. We will comment
on this issue in section 6.
5.3.1 The superconformal index
The superconformal index is a Witten like index which counts over the protected BPS
states of the theory. The index for three dimensional theories with N ≥ 3 SUSY was
first proposed in [56] by localizing the theory on on S2 × S1. The expression for the
index is given by
I(x, yi) = Tr(−1)FxE+j3
∏
i
yFii (5.15)
where F is the fermion number, E is the energy, j3 is the third component of the SU(2)
rotational symmetry in the superconformal group. This index was refined to include
the monopole contributions in [57]. For theories with N = 2 supersymmetry the R-
charge is not constrained to be canonical anymore, and the index for a generic R-charge
assignment was found in [58]. It is important to observe that, in the general case, dual
theories share the same index only after the contribution from the monopole sectors is
included. In some cases the index matches sector by sector but in general one has to
sum over all the sectors. For example if an interacting theory is dual to a free theory
one has to necessarily include the monopole corrections before matching the indices.
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Here we consider the index of the SP (4)2 CS theory with one matter field in the
absolutely antisymmetric representation and R-charge ∆. After including the contri-
bution from monopoles with GNO charge (1, 0) the superconformal index is7
I = (1− x2 + x2∆ + x4∆ + x6∆ + x8∆ + x10∆ + x12∆ + x14∆ + . . . ) (0,0) (5.16)
+
(−x2−2∆ − x4−2∆ + . . . ) (1,0) + . . .
= 1− x2 − x2−2∆ − x4−2∆ + x2∆ + x4∆ + x6∆ + x8∆ + x10∆ + x12∆ + x14∆ + . . .
This coincides with the index of a free multiplet with R-charge 2∆, corroborating the
duality proposed above.
6 Comments on accidental symmetries
In this section we briefly comment on a proposal to deal with accidental symmetries
in three-dimensional field theories. We will adapt to the three-dimensional case a sim-
ilar prescription used in the four-dimensional a-maximization [60], with the respective
physical meaning [61], which also allows for an extension away from the fixed points
[16] based on the four dimensional analogy [62]. For a preliminary discussion, see [63].
Any time the fixed point scaling dimension of a scalar gauge invariant operator
drops below the d-dimensional unitary bound ∆ ≥ (d− 2)/2, this signals that the UV
description that we are using to extract information about the IR physics is no longer
valid, because the theory enjoys new ”accidental” symmetries which are not manifest
in the UV description. The new symmetries are generated by the gauge invariant
operators, which decouple from the rest of the theory in the IR: they retain their
canonical scaling dimensions and describe free fields. In these cases we need to modify
the UV description in a suitable way, which we describe in the following.
Consider a model where m gauge invariant operators Oi, i = 1, . . . , m hit the
unitary bound, and consider coupling to that theorym sources Li andm gauge invariant
operators Mi through the superpotential
∆W = Li (Oi + λMi) (6.1)
where λ is small in the UV. The operators Oi are, in general, not related to each other,
and so are the L’s and the M ’s. Imposing the condition R(Li)+R(Oi) = 2 we see that
when R(Oi) > (d − 2)/(d − 1) the last term is indeed relevant and makes the fields
L and M massive.8 Once they are integrated out, we obtain the IR superconformal
7GNO charges are quantum numbers labeling the different monopole sectors of the theory [59] . In
the SP (4) case the GNO charge of a sector carrying m unit of magnetic flux is (m, 0).
8Recall that in a superconformal field theory the R-charge and the scaling dimension are related
by R = 2∆/(d− 1), where the superpotential has R-charge 2.
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theory we started with, and no physical quantity has changed.9 On the other hand,
when R(Oi) < (d − 2)/(d − 1), the LM coupling is irrelevant and the M ’s are free
decoupled fields in the IR.
In the case of three-dimensional field theories, where R = ∆, a free field contributes
a factor exp (ℓ(1/2)) = 2−1/2 to the partition function, or equivalently a term log(2)/2
to the free energy. The R-charge of the L’s is fixed by the first term in (6.1), and their
contribution to the partition function is exp (mℓ(−1 + ∆(O)). Summing everything
up, we obtain
F = F0 +
(
m
log(2)
2
+
m∑
i=1
ℓ (1−∆(Oi))
)
(6.2)
where we also used ℓ(1−∆) = −ℓ(−1+∆) for 0 < ∆ < 2, which is always the case in any
sensible theory (see footnote 9). Equation (6.2) has a very clear interpretation: along
the RG flow, the R-charges as a function of the RG scale are given by the Lagrange
multiplier technique [16]; when a gauge invariant operator hits the unitary bound, one
subtracts its contribution to the free energy and adds the contribution of the same
number of free fields. Because both the correction term to (6.2) and its first derivative
vanish at the free field point ∆(Oi) = 1/2, all the R-charges and the free energy itself
are continuous and differentiable functions of the RG scale.
6.1 Accidental symmetries in the duality with free theories
In section 5 we focused on theories with a free magnetic dual whose partition function
can be exactly and consistently computed by localization and extremization without
any further modification. We now apply the discussion in the previous subsection and
show how the computation of the exact superconformal R-charge can be consistently
worked out even when the infrared theory enjoys accidental symmetries. This provides
new and stronger checks of three-dimensional dualities.
We start by describing an example in some detail, in which the dual gauge group
vanishes and the magnetic theory only contains a tower of non-interacting singlets
with naive R-charges different from the canonical ones. The simplest electric theory
of this kind has U(Nc)1 gauge group and contains one adjoint X with a vanishing
superpotential [49].
9This is a physical requirement on any physical quantity that depends on the exact superconformal
R-charges: the contribution from massive fields has to cancel out.
– 26 –
The partition function of the U(Nc)1 theory with one adjoint X can be exactly
computed [43]
ZU(Nc)1,X = e
ipi
12
N(3+6∆(Nc−1)+∆2(2N2c−3Nc+1)) ×
Nc∏
j=1
el(1−j∆) (6.3)
where j∆ is the R-charge of TrXj . Notice that the U(1) ⊂ U(Nc) decouples and TrX
is a free field. However, for the sake of uniform treatment, we keep its R-charge to be
∆ instead of 1/2.
The naive R charges of the Nc free fields of the magnetic theory, given by uj =TrX
j ,
are obtained by extremizing (6.3), which boils down to solving the equation
∂ log
∣∣ZU(Nc)1,X(∆, Nc)∣∣
∂∆
=
Nc∑
j=1
jπ(1− j∆) cot(π(1− j∆)) = 0 (6.4)
The solution is
∆ =
1
Nc + 1
(6.5)
Proving that (6.5) solves (6.4) is pretty straightforward. Indeed
∂ log
∣∣ZU(Nc)1,X(∆, Nc)∣∣
∂∆
∣∣∣∣∣
∆= 1
Nc+1
=
Nc∑
j=1
(
j(Nc + 1− j)
Nc + 1
)
cot
(
j π
Nc + 1
)
=
=
1
2
(
Nc∑
j=1
(
j(Nc + 1− j)
Nc + 1
)
cot
(
j π
Nc + 1
)
+ (j → Nc + 1− j′)
)
= 0 (6.6)
It follows that the singlets do not have the canonical scaling dimension, and there are[
Nc+1
2
]
gauge invariant operators with R-charge below or at the unitarity bound; thus,
we have to treat them as free fields, and modify the extremization principle according
to equation (6.2). We interpret this first step by noticing that along the RG flow, the
operators TrXj with j <
[
Nc+1
2
]
will hit the unitarity bound at higher energies. For
high enough Nc, this is not the end of the story: extremization of the modified free
energy shows that we did not cure all the accidental symmetries. Again, roughly half
of the operators have R-charges below or at the unitarity bound, and we again apply
(6.2). 10 The process continues until all but one operator, namely uNc , remains and we
10More precisely, the number of operators is
[
Nc+2
4
]
for Nc even and
[
Nc+1
4
]
for Nc odd, and the
solution is ∆ = 23Nc+2 and ∆ =
2
3(Nc+1)
for Nc even and odd respectively. These formulas can be
proved by induction. Since a proof would be very marginal to our discussion, we do not include it in
this paper.
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end up with the following modified partition function∣∣ZU(Nc)1,X∣∣ = 2−Nc−12 el(1−Nc∆) (6.7)
which is extremized at Nc∆ = 1/2. We have then shown that the U(Nc)1 partition
function coincides with the one of Nc free fields uj, and that a proper treatment of the
accidental symmetries allows us to identify the duality map as uj = TrX
j. The same
arguments may be carried over to other models.
7 Open questions
We provided some nontrivial evidence for classes of infinite three-dimensional dualities
for theories with unitary, orthogonal and symplectic gauge groups. Our results provide
support for arbitrary gauge group and CS levels, and extend previous results which
were limited either to the large-N limit or to numerical evaluations for low ranks and
one factor in the gauge group.
Our main tool has been the exact, all-loop partition function evaluated on a
squashed three sphere. Allowing for arbitrary R-charges, it can be written as an integral
of hyperbolic functions which have been recently studied by mathematicians.
Exact evaluation of the above quantities, available in the literature for classical
gauge groups, allowed to uncover new dualities. In the large-N limit, and for low
enough CS levels, they could also be inferred by the AdS/CFT duality, and exact
evaluation of the above quantities allows for an extension to arbitrary ranks and levels.
Unitary gauge groups have been extensively studied in the large-N limit, and pre-
cise prescriptions for the computation of the partition function in this regime are avail-
able in the literature. Because of its simplifying nature, it is much more tractable than
the computation of the finite-N partition function and it allows for comparison of phys-
ical quantities in the AdS/CFT correspondence. Based on this observation, we tried
analyzing the case of the other classical gauge groups, where a similar analysis still
lacks. We found that the set of saddle point equations are not consistent with the long
range cancellation in these cases. Thus, the continuum limit would require a different
approach. A similar situation also holds in chiral-like models for unitary gauge groups
[11, 14]. There exist other dualities between quivers with unitary gauge groups and
quivers with symplectic/orthogonal gauge groups [53]. These dualities suggest that the
theories with symplectic and orthogonal groups also exhibit the N3/2 scaling of the free
energy at large N . It will be interesting to prove the matching of the partition function
for these dualities along the lines of this paper.
Some of the dualities we have studied involve free field theories on the magnetic
side. Some comments are in order. Any nontrivial check involving the partition function
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in this case requires the possibility of an exact evaluation of the full matrix integral,
because on the free theory side there is no integral at all. Secondly, when one considers
such theories, it turns out that the free theory contains n free fields with charge j∆,
with ∆ the smallest charge and j = 1, . . . , n. While this constitutes an offshell check of
the duality, we know that a free field has R-charge 1/2, which cannot be obtained by
extremization of the naive partition function. If the duality holds, this means that the
electric R-symmetry mixes with an accidental symmetry and we showed how to handle
this scenario in Section 6.
More generally accidental symmetries arise in presence of gauge theories with tensor
matter and superpotential [49]. These dualities are three dimensional generalizations
of the KSS dualities [64]. It would be interesting to study the matching of the partition
functions in these cases, as already proposed in [63], at finite values for the ranks of
the gauge groups and CS level.
We conclude by recalling that accidental symmetries are one of the main issue in
the proof of a c-theorem.11 In the three dimensional case the candidate c-function in
is the free energy F on the round S3 (F = − log |Z|), which has been conjecture to
decrease along the RG flow [10]. Relevant deformations break the abelian symmetries
which are manifest in the UV description of the theory and once we have a quantity
that is maximized by the exact superconformal R-symmetry 12 we can interpret it as
the c-function. The c-theorem immediately follows from the two line ”almost proof” of
[67]. However accidental symmetries constitute a loophole to this argument and a proof
of the F -theorem requires more care in this case: the free field value is a maximum for
the function −ℓ(1 − ∆), thus the infrared correction term in (6.2) is always positive,
for any value of the scaling dimensions, in full agreement with the maximization of F .
However, the correction term adds a positive contribution to FIR, possibly invalidating
the F -theorem FIR < FUV .
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A Relations among hyperbolic integrals
In this appendix we review the equivalence among the hyperbolic integrals necessary
to match the dual phases in the quiver gauge theories that we studied in the paper.
We refer to [43] for more details.
A.1 The unitary case
The partition function for a U(n) gauge theory with CS level 2t, s1 fundamentals, s2
anti-fundamentals and one adjoint matter field corresponds to the integral dubbed as
JIn,(s1,s2),t(µ; ν;λ; τ) in [43]. The original integral is defined as
JIn,(s1,s2),t(µ; ν;λ; τ) =
Γh(τ)
n
√−ω1ω2nn!
∫ ∏
i≤j<k≤n
Γh(τ ± (xj − xk))
Γh(±(xj − xk))
×
n∏
j=1
s1∏
r=1
Γh(µr − xj)
s2∏
s=1
Γh(νs + xj)c(2λxj + tx
2
j )dxj
The variables τ , ν and µ are linear combinations of the chemical potentials for the
global symmetries under which the adjoint, fundamental and anti-fundamental fields
are charged respectively.
In the cases studied in section 4 the theory does not contain an adjoint. This
corresponds to identifying the parameter τ with ω. In the hyperbolic function analysis,
setting τ = ω, removes the adjoint field contributions from the above integral because
of (2.7) and (2.8). The new integral is defined as
Jn,(s1,s2),t(µ; ν;λ) = JIn,(s1,s2),t(µ; ν;λ;ω) (A.1)
The field theory duality is translated in an equivalence between the integrals in (A.1).
These equivalences are derived from the transformation properties of certain integrals
named degenerations in [43]
Imn,ξ(µ; ν;λ) = Jn,(s1,s2),t(µ; ν;λ) (A.2)
where ξ labels the integrals on the LHS of (A.2). The value taken by ξ is either (p,q)a
or (p,q)b and it can be fixed by using the following table
condition type m p q
t < −|s1 − s2| (p,q)a s1+s2−t−2n2 s1−s2−t+42 s2−s1−t+42
t > |s1 − s2| (p,q)b s1+s2+t−2n2 s2−s1+t+42 s1−s2+t+42
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Even if the definition of Imn,ξ looks like a re-parametrization of Jn,(s1,s2),t , the equality
(A.2) is valid only under certain very broad conditions on the µ, ν and τ variables 13
. At this point of the discussion we prefer to switch to more physical notations, that
involve the usual terminology for the gauge group ranks, the CS level and the number
of flavors. Thus the quantities n, m, s1, s2 and t are redefined as
n = Nc , m = N˜c , s1 = Nf , s1 = N˜f , t = −2k , (A.3)
We are only interested in non chiral like theories and therefore fix N˜f = Nf . In terms
of these variables the table becomes
condition type N˜c p q
k > 0 (p,q)a Nc + k 2 + k 2 + k
k < 0 (p,q)b Nc − k 2− k 2− k
Eventually the most useful result of [43], for our applications, is that the a and b type
integrals are related as 14
Imn,(p,q)a(µ; ν;λ) = I
n
m,(p,q)b(ω − ν;ω − µ; (p− q)ω − λ)
∏
r,s
Γh(µr + νs)ζ
(−6+2p+2q−pq)
× c((1
2
(p− q)2 + pq + (4− p− q)(m+ 2)− 4)ω2 + 1
2
λ2) (A.4)
× c((2− p)
∑
r
µ2r + (2− q)
∑
s
ν2s +
1
2
(2mω −
∑
r
µr −
∑
s
νs)
2)
× c(λ(
∑
r
µr −
∑
s
νs + (p− q)ω) + (p+ q − 4)(
∑
r
µr +
∑
s
νs)ω)
where r = 1, . . . , m + n + 2 − q (≡ s1) and s = 1, . . . , m + n − 2 + p (≡ s2). Upon
substituting (A.3) and fixing N˜f = Nf this becomes
IN˜cNc,(2+k,2+k)a(µ; ν;λ) = I
Nc
N˜c,(2+k,2+k)b
(ω − ν;ω − µ;−λ)
Nf∏
r,s=1
Γh(µr + νs)ζ
−k2−2
×c
k
Nf∑
r=1
µ2r+
Nf∑
s=1
ν2r
+k(k − 2m)ω2 + 1
2
λ2−2k
Nf∑
r=1
µr+
Nf∑
s=1
νs
ω

×c
λ
 Nf∑
r=1
µr −
Nf∑
s=1
νs
+ 1
2
(2mω −
Nf∑
r=1
µr −
Nf∑
s=1
νs)
2
 (A.5)
13We can always suppose that the values of µ, ν and τ are quite generic and that this does not spoil
the relations between the integrals.
14As observed in [46] this result slightly differs from the one on [43]. We are grateful to the authors
of [46] for discussions on this point.
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A few comments are in order. First the difference between the case a and b is in the
sign of the CS level k. In this case we fixed k > 0 but the same equality can be
reversed if one starts with k < 0 and use the equation (5.5.7) in [43]. This identifies
N˜c with Nc + |k|. Moreover, as discussed in [43], t + s1 + s2 is always even for the
above degenerations. This corresponds to requiring |k| + Nf+N˜f
2
to be integer. This is
the same as the parity anomaliy condition of three dimensional field theories [68].
A.2 The symplectic case
The second class of integral that we need from [43] is associated with the symplectic
group SP (2Nc)k. The integrals have been dubbed as JIn,s,t(µ; τ) in [43]. Explicitly
they are
JIn,s1,t(µ; τ) =
Γh(τ)
n
√−ω1ω2nn!
∫ ∏
i≤j<k≤n
Γh(τ ± xj ± xk)
n∏
j=1
s1∏
r=1
Γh(µr ± xj)
∏
i≤j<k≤n
Γh(±xj ± xk)
n∏
j=1
Γh(±2xj)
n∏
j=1
c(2tx2j )dxj
(A.6)
In this case τ labels the fields in the antisymmetric representation while µ is the la-
bel for fields in the fundamental representation. In the absence any anti-symmetric
representations τ gets identified with ω. In this case the integral (A.6) becomes
Imn,pa(µ) = JIn,2n+2m+4−p,2−p(µ;ω) (A.7)
Imn,pb(µ) = JIn,2n+2m+4−p,p−2(µ;ω)
where where pa or pb are fixed as
condition type m p
t < 0 pa s1−t−2n−2
2
2− t
t > 0 pb s1−t−2n−2
2
2 + t
As in the case of unitary groups we switch to more physical parameters
t = −2k n = Nc s1 = 2Nf m = N˜c (A.8)
In temrs of these parameters the table becomes
condition type N˜c p
k > 0 pa Nf + k −Nc − 1 2(1 + k)
k < 0 pb Nf − k −Nc − 1 2(1− k)
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The transformation properties of these integrals, given in [43], become (we fix k > 0)
IN˜cNc,2(1+k)a(µ) = I
Nc
N˜c,2(1+k)b
(ω − µ)
∏
1≤r<s≤2Nf
Γh(µr + µs)ζ
(k−1)(1−2k) (A.9)
× c
−2k 2Nf∑
r=1
(µr − ω)2 +
(2N˜c + 1)ω − 2Nf∑
r=1
µr
2 + 2k(2Nc − 2k − 1
2
)
ω2

As in the unitary case the difference between the case a and b is in the sign of the CS
level k, and the case with k < 0 is obtained from (A.9) after using relation (5.5.2) of
[43] .
B Characters
In the paper we studied different representations for the orthogonal, symplectic and
unitary groups. In this appendix we list the formula for the characters of the represen-
tation of these groups. As usual we identify a representation of a simple group of rank
n by its Dynkin labels, a set of n integers (s1, . . . , sn) which are assigned to the simple
roots of the group by the Dynkin diagrams. Then the characters of the representations
are associated to the Schur polynomials as functions of the eigenvalues of the group
G, parameterizing the maximal abelian torus. In the cases we investigated the Schur
polynomials are
• U(n)
P~s =
det z
sj+n−j
i
det zn−ji
i, j = 1, . . . , n (B.1)
• SP (2n)
P~s =
det
(
z
sj+n−j+1
i − z−(sj+n−j+1)i
)
det
(
zn−j+1i − z−(n−j+1)i
) i, j = 1, . . . , n (B.2)
• SO(2n)
P~s =
det
(
z
sj+n−j
i + z
−(sj+n−j)
i
)
+ det
(
z
sj+n−j
i − z−(sj+n−j)i
)
2 det
(
zn−j+1i − z−(n−j+1)i
) n∏
i=1
(
zi − 1
zi
)
(B.3)
with i, j = 1, . . . , n
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• SO(2n+ 1)
P~s =
det
(
z
sj+
1
2
+n−j
i + z
−(sj+
1
2
+n−j)
i
)
2 det
(
zn−j+1i − z−(n−j+1)i
)
n∏
i=1
(
zi − 1
zi
)
n∏
i=1
(
z
1
2
i −
1
z
1
2
i
) (B.4)
In the computation of the partition function we actually used the substitution
zi = e
ixi (B.5)
and we studied the characters to respect to the xi variables. For example in the adjoint
representation we have
Group Dynkin Label Non Zero Roots (i < j)
U(n) s = (2, 1, . . . , 1, 0) ±(xi − xj)
SP (2n) s = (2, 0, . . . , 0, 0) ±xi ± xj , ±2xi
SO(2n) s = (1, 1, 0, . . . , 0, 0) ±xi ± xj
SO(2n+ 1) s = (1, 1, 0, . . . , 0, 0) ±xi ± xj , ±xi
In addition in every case there are n zero roots associated to the adjoint of the four
cases. By applying the same formulas we can obtain the characters for the other
representations.
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